Most literatures prefer loan-to-value ratios (LTV) decisions in supply chain finance (SCF) on the way of profit maximization. This paper attempts to discuss the relationship between LTV and market risk of the loan in inventory financing of SCF from the perspective of value at risk (VaR) for the critical value of LTV corresponding to extreme value of loan VaR to prevent the bank from the risks caused by LTV decisions under the extreme position of price-decline in commodity market. Different from the traditional method of VaR only considering the asset value, we incorporate the borrower's financial and procurement positions into VaR model. We demonstrate the critical value of LTV corresponding to extrema of the value-at-risk of loan in nonlinear analysis, as well as the critical order quantity that can monotonically affect the relationship between LTV and loan VaR in linear analysis, followed by the conclusion that higher investment may not mean higher risk from the perspective of VaR in inventory financing of SCF. Furthermore, the impact of parameters involving financial and procurement positions of the borrower is discussed to explore the affections to the bank from the borrower's procurement decisions.
the measures according to extreme situations are also useful to common, that is, the extreme case may be better to reflect the real world. Just like VaR, the research method used in this paper, which can summarize the worst dollar loss over a target horizon that will not exceed with a given level of confidence and be applied to most financial prices, stock prices, bond prices, exchange rates and commodities. For instance, the Basel Committee on Banking Supervision declared that the banks market risks could be measured by the combination of VaR and internal model. Furthermore, as a standard method for measuring and reporting market risk, VaR not only reforms the traditional financial risk management but also can easily be used to measure and report market risks in a single number with unified unit and to communicate with the top management, shareholders as well as help financial institutions to confront their exposure to financial risks [13] [14] . For this reason, Duffie and Pan (1997) give an overview of the VaR methods from a perspective of price risk [15] . He Juan (2012) predicts the VaR of steel during various loan periods and gets the impawn rate, which may both control risk and decrease efficiency loss comparing with the experience method that the impawn rate is generally lower than 70%, by setting a model with the formula AR(1)-GARCH(1,1)-GED. A parameter K is introduced, which can improve its risk coverage [16] . In their views, the pledged inventories having autocorrelation are different from financial assets because of fat-tails and so on, meaning the market risk of the collateral may derive from some extreme situations such as dramatic price-decline. Different from traditional VaR method, however, the financial and procurement positions of the borrower were incorporated into VaR model in this paper, that is, the critical value of LTV corresponds to extreme values of loan VaR based on the parameters relating to the borrower's financial and purchase conditions as well as the loan itself in inventory financing of SCF at extreme situations. By considering the first order and second order conditions of loan VaR model with the general distribution and log-normal distribution of the buyer's demand under extreme situations of dramatic price-decline, the analytic formulas of the critical order quantity and critical LTV were calculated. The former determines the monotonic property of the linear relationship between LTV and loan VaR when the order quantity is not limited; while the later has an influence on the LTV corresponding to extreme values of loan VaR, and the recessive analytic formula is provided from which the critical values of LTV corresponding to the local maximums and minimums of loan VaR can be calculated, which prevent the bank from the extreme potential loss deriving from LTV decisions. Furthermore, the impacts of parameters relating to borrower's financial position, procurement and the loan itself on the relationship between LTV and loan VaR were analyzed in numerical examples. However, the problems of setting loan margin, setting the proportion of inventory pledged to total purchase amount, choosing semi-finished product as inventory pledged and LTV decisions of the bank with an attitude of riskneutral in inventory financing of SCF were not analyzed in this paper.
This paper is organized as follows. Section 2 made several basic assumptions being followed by establishing the model. Section 3 analyzed the model from the perspectives of linear and nonlinear relationships of LTV and loan VaR. In Section 4, numerical examples were used to explore the linear and nonlinear relationships between LTV and loan VaR with considering the affection parameters. The conclusion was made in Section 6.
Model Assumption and Model Set-Up
Inventory financing of SCF is different from the traditional financing with the following properties: 1) The third party, frequently the core enterprise in supply chain, secures for the borrower, such as the retailer in supply chain, with the credit itself instead of her property; 2) Self-liquidity exists in the financing with pledging the borrower's purchase, which is used to repay the loan through the commodity market; 3) Borrowers without real properties may finance from the bank in a shorter loan period. Thus, basic assumptions are needed before modeling.
Model Assumption
The nonlinear relationship between LTV and loan VaR of the commercial bank in supply chain inventory financing is analyzed. It refers to banking decisions that contain loan interest rate, loan period and LTV; the borrower's initial wealth, purchase or demand that will act as the collateral, which can be sold in the commodity market for paying off the loan. Thus, we set up model based on the following assumptions.
1) Loan interest rate remains stable during the loan period within one year. The sales cycle of pledged inventory (liquidity) will be considered when the bank makes decisions of loan periods, which are negatively related to the liquidity of the collateral, and loan Interest rates are normally expressed for a period of one year. 
where LTV represents loan-to-value ratio, θ represents the proportion of the margin to a loan amount, p represents wholesale price, q represents the retailer's order quantity and Q represents the probability of borrowing when a retailer has enough h for affording the purchase.
Expected Return to Bank
Follows the Equation (1), the return of the bank ( ) l Π and expected return of the bank
 can be given by Equation (2) and Equation (3), where R represents the loan interest rate, 0 R > and T represents the loan period within one year.
Market Risk
The bank who participates in supply chain inventory financing is risk averse and requires finished products or raw materials as collaterals. Banks prefer finished goods or raw materials to semi-finished products with a high specificity and a low liquidity in the commodity market. One of the significant characters of supply chain inventory financing is self-liquidating, which the payment of a loan derives from sales of a trade financially supporting by the bank. In this paper, a retailer purchases products depending on a financial support of a bank who requires the borrower pledging the whole or part of the products as collaterals, which can be paid off after being sold in the market, that is, market price and interest rate may become factors of leading to market risk. In model assumption, we assume the interest rate remains stable during the loan period and the market price of the pledged inventory is the only factor affecting the market risk, that is, the bank's lowest return min s follows the lowest unit market price of the collateral min v , which will not be exceed with a confidence level α (e.g. 95%).
VaR Model
VaR can be defined as the dollar loss relative to what was expected for an asset over a target horizon that will not be exceed with a given level of confidence, which implies the identity of the asset during a given horizon, However, both return and loss of a loan in supply chain inventory financing derive from the market value of the pledged inventory. This means there exist a contradiction when we analysis the market risk of bank using the VaR method. For dealing with this problem, we define min s as follows
where only consider the lowest market value of the "discounted" (corresponding to LTV) collateral but not all.
Thus, according to the definition of VaR, the loan LTV of the bank in supply chain inventory financing over a target horizon T at a confidence level of α , , T VaR α , can be given by ( )
Followed by first-order and second-order conditions, which were given by
where ( ) E x represents the expectation of the retailer's demand ζ , which follows a general probability distribution,
Model Analysis
In model assumption, we assumed that suppliers only know the probability distribution of the retailer's demand ζ but not the actual amount, follows it, several simple properties were analyzed by considering the first-order and second-order conditions of , T VaR α , which relative to the critical order quantity q * and the critical loan-tovalue ratios LTV * . We firstly assume the retailer's demand ζ follows general probability distribution, followed by linear and nonlinear analysis of the relationship between LTV and loan VaR, which is also analyzed based on the assumption of log-normal distribution of ζ .
Monotonic Impact of Critical Order Quantity q * in Linear Analysis
Either borrowers or lenders, the order quantity q can be one of the key factors in inventory financing. Although merely being able to directly affect by commercial banks who may prudentially consider the order quantity to make banking decisions and prevent themselves from the risk of over-order. For this reason, Buzacott and Zhang (2004) analyze the maximum order quantity, which can affect the retailer's bankruptcy risk and bank's return. In their model, the maximum order quantity is determined by the retailer's initial wealth, unit purchase cost and a proportion similar to LTV. In this paper, the linear relationship between LTV and loan VaR is analyzed, followed by the condition of the linear relationship, and critical order quantity q * , which monotonically influences the linear relationship, negative with min v and positive with the expectation of retailer's demand, ( )
Also consider the first order condition, let ( ) 
VaR pE x v q LTV
θ and min v are main influenced factors to q * from the perspective of risk attitudes of the bank, since it's generally difficult for the bank in controlling R, T, ( ) E x and p. In this paper, min v is mainly analyzed and θ is viewed as a criterion to different borrowers. It can clearly be seen that the expected lowest market price or the extreme market price-decline of the collateral can reflect one's risk-reverse level, the lower min v , the higher level of risk averse, furthermore, the higher critical order quantity q * . Although the loan VaR decreases when* > , as a matter of fact, the one with a risk-averse attitude cannot accept the retailer's order quantity higher than q * , and prefer that* < , which may lead the loan VaR increasing companion with the order quantity of the retailer.
Critical LTV to Extrema of Loanvar
In the above analysis, it's mainly to analyze the monotonically affection of the critical order quantity q * in the linear relationship between LTV and loan VaR, however, it's also analyzed in nonlinear relationship between them. Furthermore, the affections of initial wealth, the expected lowest market price of the collateral as well as the loan period to the critical LTV and extreme values of loan VaR are also considered. Frequently, LTV can be an ex ante approach to prevent the bank from the potential loss such as the max LTV. Proof. Let
Follows the Equation (4), then
That is, the local maximum of loan VaR exists if
; the local minimum of loan VaR exists if VaR may not be the minimum or maximum in the interval of LTV from a to 1 where a is a positive number that is closed to zero, whereas the results of the convexity and concavity of the curve. From Lemma 2, it's not difficult to see that lower LTV may cause higher loan VaR, whereas, higher LTV corresponds to lower loan VaR. That means, low LTV may not be safe, whereas, relative high LTV may decrease loan VaR. The critical LTV LTV * can prevent them from the potential loss of loan deriving from the LTV decisions relying on experience, which may be generally useful. Specifically, the bank may make LTV lower when the acceptable LTV is lower than the critical one, otherwise, higher the value of LTV.
Lemma 2 identifies the properties of convexity and concavity of LTV-loan VaR curve, which denotes the existing of the extreme value of loan VaR, then the Theorem 1 is is immediately followed by the analytic formula of 
, θ represents the proportion of the lending margin to loan amount, p represents unit wholesale price, h represents the retailer's initial wealth, ( ) E x represents the expectation of the retailer's demand ζ ,which follows the general probability distribution, Q represents the probability of lending a loan by a retailer when his h is enough for affording the purchase, R represents the loan interest rate and T is the loan period within one year.
Proof. Since there exists the maximum and minimum of loan VaR, 0 hλ ≠ follows from Lemma 2. Let 
To some extent, 
LTV
can prevent the bank from the risks of potential loss from the LTV decision, furthermore, they can improve one's expected return and profits even in the serious case. Additionally, from the perspective of borrowers, relatively higher LTV help them receive more loan based on the certain inventory pledged or collateral, and inject more capital into the supply chain.
Specific Analysis Followed by Log-Normal Distribution of ζ
Based on the above analysis, we specifically assume the retailer's demand ζ follows lognormal distribution and have a research. Generally, the probability distribution is assumed to be normal if that of a variable is unknown, however, the cumulative distribution function of normal distribution is symmetric about its mean and the domain of that is over the entire real number, which is unsuitable to positive variables, such as the order quantity q in this paper. For this reason, we assume the retailer's demand ζ follows lognormal distribution with only positive real numbers (Wiki) with parameters µ and σ , that is, ( ) µ and σ are positive with the critical order quantity q * , the higher the values of µ and σ , the higher the ( ) E x and the higher the value of q * , and it's obvious that the pair of parameters may have a more notable influence on the q * than other parameters since they increase exponentially. Furthermore, the specific analytic formula of the critical LTV LTV * can be given if ζ follows the lognormal distribution, followed by Lemma 
1 ln ln exp , 0, 2 2π 
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Lemma 4 makes the manager of the bank clearly analyze the LTV decisions only if the initial wealth of the
retailer h, the margin proportion of the loan θ , the unit purchase cost p and the parameter µ are known, and the critical LTV LTV * is relative to the unit procurement cost p but the order quantity q, which merely affect the nonlinear relationship between LTV and loan VaR. Additionally, the bank should evaluate h and the para- represents the cumulative distribution function of standard normal distribution, Q represents the probability of lending a loan by a retailer when his initial wealth h is enough for affording the purchase, R represents the loan interest rate and T is the loan period within one year. The mode is the point of global maximum of the probability density function (Wikipedia)
Numerical Example
Linear Analysis
In Lemma 3, the loan VaR has a monotonic linear-increase with LTV as q was in ( ) 
, that is, the borrower with less initial capital and more order quantity may suffer lower risk than that in a better capital condition. In other words, the initial wealth of the retailer merely influences the loan risk level corresponding to LTV, in fact, both min v and q mainly influenced the VaR level of the loan, like shows in Table 1 .
The value of loan VaR can either be positive or negative, higher value of abstract of ( ) VaR LTV ′ means higher risk level in former situation and otherwise the later. The values of loan VaR are mostly negative with variable LTV, and the higher abstract value of ( ) VaR LTV ′ , the lower potential loss of the loan, that is, under the precondition of linear relationship between LTV and loan VaR, the enough order quantity acting as collateral may decrease the potential loss of loan without considering the limit of over-order, as illustrated in Figure 2. 
Nonlinear Analysis
Based on our analysis in Lemma 2 that higher LTV may corresponding to relatively lower loan VaR, whereas, relatively lower LTV may lead to higher risk level of potential loss of bank loan. According to Lemma 4, the local maximum and local minimum of loan VaR may respectively exist on the left and right sides of the critical LTV that can be given by e q LTV µ β θ * = , where h pq
According to the analytic formula of LTV * , it's not difficult to see that LTV * is positive with β and q, and is negative with the proportion of loan margin θ and the local parameter µ of lognormal distribution of the retailer's demand ζ . Since ( ] ( )
, then the analysis of that is divided into two parts: one is based on the precondition of ( ] 0,1 LTV * ∈ , and the other will be discussed when 1
. Furthermore, the impacts of β , σ , µ and T on the nonlinear relationship between LTV and loan VaR will be analyzed. Specifically, the proportion β can respectively reflect the variations of h or q, and σ represents the level of fluctuation of the expected lowest unit market price of the collateral when p is some constant. Table 2 .
From Figure 3 , when 1 γ > , loan VaR is higher than that at 1 γ < , whether the variation of β or not, that is, the impact of min v is more notable than h when other variables and parameters are unchanged. Furthermore, if γ remains constant and β is enhanced, the loan VaR is higher when LTV LTV * < , whereas lower if LTV LTV *
≥
, that means, to some extent, higher h can lower loan VaR if LTV is set at a high level by the bank.
Impact of q and vmin
Instead of limiting the order quantity q, LTV was set as an limit to prevent the bank from loan risk. As a matter Furthermore, as in Figure 5 , when 0.5 0.82 LTV < < , the values of loan VaR with 3 µ = are higher than that with 3.5 µ = , specifically, higher at 9 T = than that at 3 T = , however, when 0.5 LTV ≤ or 0.82 LTV ≥
, the values of loan VaR with 3 µ = are lower than that with 3.5 µ = , which illustrates that it's better to choose value of LTV ranging from 0.1 to 0.5 or 0.82 to 1.00 with shorter loan period T and µ , whereas the range of 0.50 to 0.82 is better with relatively longer T and higher µ , from the perspective of loan VaR. In any case, longer loan period leads to higher loan VaR with the certain LTV.
Conclusions
In this paper, the problem of the relationship between LTV and loan VaR was dealt with to explore the critical LTV that could affect the extreme values of loan VaR, which was the worst potential loss of the loan causing by LTV decisions and price-decline of the inventory pledged in commodity market. Although several literatures concentrate on the issue of LTV decisions in inventory financing of SCF or the applications of VaR method, there are few studies focusing on the relationship between LTV and loan VaR, meanwhile, considering the borrower's positions of financial and procurement.
Firstly, we assume that the borrower's demand follows generally distribution, followed by the general conditions of linear and nonlinear relationships between LTV and loan VaR, as well as the critical order quantity in linear analysis and the critical values of LTV corresponding to extreme values of loan VaR in nonlinear analysis, meanwhile, the log-normal distribution of the borrower's demand was assumed based on the general model, with the specific results and conclusions. Moreover, the critical order quantity follows the established linear relationship and has an influence on the monotonic property of loan VaR to LTV. In particular, the loan VaR is positive with LTV as the real order quantity is less than the critical value, whereas, with negative value and is negative with LTV, that is, the higher quantity the borrower orders, the lower loan VaR the bank will suffer under the precondition of no order which limits to the borrower. In addition, the initial wealth of the retailer merely influences the loan risk level relative to LTV, as a matter of fact, both min v and q mainly influence the VaR level of the loan.
However, the problems of setting loan margin, setting the proportion of inventory pledged to total purchase amount, choosing semi-finished product as inventory pledged and LTV decisions of the bank with an attitude of risk-neutral in inventory financing of SCF were not analyzed in this paper, and the following problems would be fatherly considered, including 1) Consider the first order and second order conditions with the proportion determine the loan margin; 2) Multiply the proportion of inventory pledged to total purchase amount as calculating the loan amount; 3) Consider the buy-back decisions to the collateral with semi-product, which has a high level of specificity and weaken liquidity in commodity market; 4) Further considering the bank with risk-neutral attitude with an objective of profit-maximization.
